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In this paper we study cosmological solutions of the f(T,B) gravity using dynamical system
analyses. For this purpose we consider cosmological viable functions of f(T,B) that are capable
of reproducing the dynamics of the Universe. We present three specific models of f(T,B) gravity
which have a general form of the solutions by writing the equations of motion as an autonomous
system. Finally, we study its hyperbolic critical points and general trajectories in the phase space
of the resulting dynamical variables which are compatible with the current late-time observations.
1. INTRODUCTION
The ΛCDM cosmological model is supported by overwhelming observational evidence in describing the evolution of
the Universe at all cosmological scales [1, 2] which is achieved by the inclusion of matter beyond the standard model
of particle physics. This takes the form of dark matter which acts as a stabilizing agent for galactic structures [3, 4]
and materializes as cold dark matter particles, while dark energy is represented by the cosmological constant [5, 6]
and produces the measured late-time accelerated expansion [7, 8]. However, despite great efforts, internal consistency
problems persist with the cosmological constant [9], as well as a severe lack of direct observations of dark matter
particles [10].
On the other hand, the effectiveness of the ΛCDM model has also become an open problem in recent years. At
its core, the ΛCDM model was convinced to describe Hubble data but the so-called H0 tension problem calls this
into question where the observational discrepancy between model independent measurements [11, 12] and predicted
[13, 14] values of H0 from the early-Universe appears to be growing. While measurements from the tip of the red
giant branch (TRGB, Carnegie-Chicago Hubble Program) point to a lower H0 tension, the issue may ultimately be
resolved by future observations which may involve more exotic measuring techniques such as the use of gravitational
astronomy [15, 16] with the LISA mission [17, 18]. However, it may also be the case that physics beyond general
relativity (GR) are at play here
The use of autonomous differential equations to investigate the cosmological dynamics of modified theories of
gravity has been shown to be a powerful tool in elucidating cosmic evolution within these possible models of gravity
[19]. These analyses can reveal the underlying stability conditions of a theory from which it may be possible to
constraint possible models on theoretical grounds alone. Theories beyond GR come in many different flavours [2, 20]
where many are designed to impact the currently observed late-time cosmology dynamics. By and large, the main
trust of these theories comes in the form of extended theories of gravity [20–22] which build on GR with correction
factors that dominate for different phenomena. However, these are collectively all based a common mechanism by
which gravitation is expressed through the Levi-Civita connection, i.e. that gravity is communicated by means of
the curvature of spacetime [1]. In fact, it is the geometric connection which expresses gravity while the metric tensor
quantifies the amount of deformation present [23]. This is not the only choice where torsion has become an increasingly
popular replacement and produced a number of well-motivated theories [24–26].
Teleparallel Gravity (TG) collectively embodies the class of theories of gravity in which gravity is expressed through
torsion through the teleparallel connection [27]. This connection is torsion-ful while being curvatureless and satisfying
the metricity condition. Naturally, all curvature quantities calculated with this connection will vanish irrespective of
metric components. Indeed, the Einstein-Hilbert which is based on the Ricci scalar
◦
R (over-circles represent quantities
calculated with the Levi-Civita connection) vanishes when calculated with the teleparallel connection, i.e. in general
R = 0 while
◦
R 6= 0. Moreover, the identical dynamical equations can be arrived at in TG by replacing the Einstein-
Hilbert action with it’s so-called torsion scalar T . By making this substitution, we produce the Teleparallel equivalent
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2of General Relativity (TEGR), which differs from GR by a boundary term B in its Lagrangian.
The boundary term in TEGR consolidates the fourth-order contributions to many beyond GR theories. By ex-
tracting these contributions into a separate scalar, TEGR will have a meaningful impact on extended theories and
produce an impactful difference in such theories. The most direct result of this fact will be that TG will produce
a much broader plethora of theories in which dynamical equations are second order. This is totally different to the
severely limited Lovelock theorem in curvature based theories [28]. In fact, TG can produce a large landscape in
which second-order field equations are produced [29, 30]. TG also has a number of other attractive features such as
its likeness to Yang-mills theory [24] offering a particle physics perspective to the theory, the possibility of it giving a
definition to the gravitational energy-momentum tensor[31, 32], and that it does not necessitate the introduction of
a Gibbons–Hawking–York boundary term to produce a well-defined Hamiltonian structure, among others.
Taking the same reasoning as in f(
◦
R) gravity [20–22], TEGR can be straightforwardly generalized to produce f(T )
gravity [33–38]. f(T ) gravity is generally second order due to the weakened Lovelock theorem in TG and has shown
promise in several key observational tests [25, 39–45]. However to fully embrace the TG generalization of f(
◦
R) gravity,
we must consider the f(T,B) generalization of TEGR [46–51, 51, 52]. In this scenario the second and fourth order
contributions to f(
◦
R) gravity are decoupled while this subclass becomes a particular limit of the arguments T and
B, namely f(
◦
R) = f(−T + B). f(T,B) gravity is an interesting theory of gravity and has shown in terms of solar
system tests and the weak field regime [50, 53, 54], as well as cosmologically both in terms of its theoretical structure
[46, 46, 48, 49, 51] and its observational tests [55].
In this work, we explore the structure of f(T,B) gravity through the dynamical systems approach in the cosmological
context of a homogeneous and isotropic Universe using the Friedmann–Lemaˆıtre–Robertson–Walker metric (FLRW).
This kind of system has been used to study higher-order modified teleparallel gravity that add a scalar field φ
depending of the boundary term [49]. Moreover, in this study the cosmic acceleration dynamics is reproduced only
by a non-canonical φ that mimics the Λ term. In our case, we introduce a f(T,B) dark energy fluid-like to obtain
a richer population of stability points that can be constrained by current observational surveys. We do this by first
introducing briefly the technical details of f(T,B) gravity in Sec. 2 and then discussing its dynamical treatment in
Sec. 3. In Sec. 4 we lay out the methodology of the analysis which includes the methods by which the analysis is
conducted. The f(T,B) gravity dynamical analysis is then realized in Sec. 5 where the core results for each of the
models is presented. Finally, we close in Sec. 6 with a summary of our conclusions. In all that follows, Latin indices
are used to refer to Minkowski space coordinates, while Greek indices refer to general manifold coordinates.
2. f(T,B) COSMOLOGY
We start by considering a flat homogeneous and isotropic FLRW metric in Cartesian coordinates with a lapse
function N = 1 as (e.g through [1])
ds2 = −dt2 + a(t)2(dx2 + dy2 + dz2) , (1)
where a(t) is the scale factor. Also, we choose an arbitrary mapping over f˜(T,B)→ −T + f(T,B), which obeys the
diffeomorphism invariance. As shown in [55], the choice of Lagrangian where f˜(T,B) → −T + f(T,B) represents
an arbitrary Lagrangian over the torsion scalar and boundary term is diffomorphism invariant. In this proposal our
choice of tetrad is given by
eaµ = diag(1, a(t), a(t), a(t)) , (2)
which reproduces the metric in Eq.(1) and observes the symmetries of TG. In this spacetime, the torsion scalar can
be given explicitly as
T = 6H2 , (3)
while the boundary term is given by
B = 6
(
3H2 + H˙
)
, (4)
which combine to produce the well known Ricci scalar of the flat FLRW metric
◦
R = −T +B = 6
(
H˙ + 2H2
)
(where
over-circles again represent quantities determined with the Levi-Civita connection).
After the above considerations over the geometry, our field equations for a universe filled with a perfect fluid are
−3H2 (3fB + 2fT ) + 3Hf˙B − 3H˙fB + 1
2
f = κ2ρ,−
(
3H2 + H˙
)
(3fB + 2fT )− 2Hf˙T + f¨B + 1
2
f = −κ2p , (5)
3where ρ and p represent the energy density and pressure of a perfect fluid whose equation of state is p = ωρ, respec-
tively. These modified Friedmann equations show explicitly how a linear boundary contribution to the Lagrangian
would act as a boundary term while other contributions of B would contribute nontrivially to the dynamics of these
equations.
We can rewrite (5)-(5) by considering the modified TEGR components contained in the effective fluid contributions
3H2 = κ2 (ρ+ ρeff) , (6)
3H2 + 2H˙ = −κ2 (p+ peff) , (7)
where
κ2ρeff = 3H
2 (3fB + 2fT )− 3Hf˙B + 3H˙fB − 1
2
f, (8)
κ2peff =
1
2
f −
(
3H2 + H˙
)
(3fB + 2fT )− 2Hf˙T + f¨B . (9)
The latter equation can be combined to obtain
2H˙ = −κ2 (ρ+ p+ ρeff + peff) . (10)
The effective fluid represent the modified part of the f(T,B) Lagrangian which turns out to satisfy the conservation
equation
ρ˙eff + 3H (ρeff + peff) = 0 . (11)
For our purpose and in order to construct the dynamical system, the f(T,B) Friedmann equations can be rewritten
as
Ω + Ωeff = 1, (12)
3 + 2
(
H ′
H
)
= − 3f
6H2
+ 9fB + 6fT + 3
(
H ′
H
)
fB + 2
(
H ′
H
)
fT + 2f
′
T −
(
H ′
H
)
f ′B − f ′′B , (13)
where
Ωeff = 3fB + 2fT − f ′B −
f
6H2
+
(
H ′
H
)
fB , (14)
which each i denotes the effective density parameter Ωi = κ
2ρi/3H
2. The prime (′) denotes derivatives with respect
to N = ln a, with a chain rule given by d/dt = H(d/dN).
With the latter equations we can write the continuity equations for each fluid under the consideration
ρ′ + 3(1 + ω)ρ = 0, (15)
ρ′eff + 3(ρeff + peff) = 0, (16)
where the effective fluid is related with the background cosmology derived from f(T,B) gravity and ω are related to
the cold dark matter and non-relativistic fluids as matter contributions. This set of equations impose a condition over
the form of the derivative f ′(T,B).
Using the Friedmann equations in Eq.(12) and Eq.(13), we can directly write down the effective EoS for our f(T,B)
gravity as [55, 56]
ωeff =
peff
ρeff
(17)
= −1 + f¨B − 3Hf˙B − 2H˙fT − 2Hf˙T
3H2 (3fB + 2fT )− 3Hf˙B + 3H˙fB − 12f
, (18)
which can also be written as having a redshift dependence as ω(z).
We can explicitly compute from (12) a dynamical equation in terms of the Hubble factor and its derivatives as
6
(
H ′
H
)
fB + 2
(
H ′
H
)
fT +
(
H ′2
H2
+
H ′′
H
)
fB − f
′
6H2
= 0. (19)
Notice that only the last term at the r.h.s contains information about the specific form of f(T,B) theory (or in its
derivative).
43. f(T,B) DYNAMICAL SYSTEM STRUCTURE
To construct the dynamical autonomous system for our f(T,B) cosmological model, we follow the approach outlined
in Refs.[56–58]. As a first step we introduce a set of conveniently specific variables which allows us to rewrite the
evolution equations as an autonomous phase system. This set of equations will be subject to a generic constraint
arising from our modified Friedmann equation (12)-(13). For this system we propose to define the parameter [59]
λ =
H¨
H3
=
H ′2
H2
+
H ′′
H
. (20)
Notice that this expression depends explicitly on N = ln a(time-dependence). It was discussed in the latter reference
that for cases when λ = constant, some cosmological solutions can be recover, e.g. if λ = 0, we can obtain a
de Sitter/quasi de Sitter universe or if λ = 9/2, a matter domination era can be derived. Since this ansatz show
cosmological viable scenarios as analogous to models with barotropic fluids, along the rest of this work we are going
to consider λ = constant.
Following this prescription, we can write our Friedmann evolution equations in term of dynamical variables
x ≡ fB , y ≡ f ′B , z ≡
H ′
H
=
H˙
H2
, w ≡ − f
6H2
. (21)
From the latter definitions and the Friedmann evolution (12) we can derive the constriction equation from the latter
evolution as:
Ω + 3x+ 2fT − y + w + zx = 1, (22)
where Ω is a parameter that depends on the other dynamical variables. Finally, we can write the autonomous system
for this theory as
z′ = λ− 2z2, (23)
x′ = y, (24)
w′ = −6zx− 2zfT − λx− 2zw, (25)
y′ = 3w + (9 + 3z)x+ fT (6 + 2z) + 2f ′T − zy
−3− 2z. (26)
To follow the constraint of the system (12)-(22), we need to write fT as a dynamical variable or write it in terms of
the described variables. This can be done by considering a specific form of f(T,B) as we will show in Sec.(5).
4. STABILITY METHODOLOGY
We can study our f(T,B) autonomous system (23)-(24)-(25)-(26) by performing stability analyses of the critical
points, which can be investigated through linear perturbations around their critical values as x = x0 + u, where
x = (x, y, z, w) and u = (δx, δy, δz, δw). The equations of motion for each of our models can be written as x′ = f(x),
which upon linearisation can be given by
u′ =Mu , Mij = ∂fi
∂xj
∣∣∣∣
x∗
, (27)
where M is known as the linearisation matrix [19]. The eigenvalues indicated by ω of M determine the stability
(type) of the critical points, whereas the eigenvectors η of M indicates the principal directions of the perturbations
performed at linear level. As it is standard in the stability analysis, if Re(ω) < 0 (Re(ω) > 0) the critical point is
called stable (unstable). More specific type of point will be indicated for each f(T,B) scenario.
For this case, we should consider perturbations of the four dynamical variables (x, y, z, w), keeping in mind that
they are not all completely independent because they are bound together by the Friedmann constraint (12). This
dependence would then carry over to perturbative level.
From (23) we notice that there is not an explicit dependency of f(T,B), therefore for the critical points following
the above prescription x∗ / x˙ = f(x∗) = 0 we require that
z = ±
√
λ
2
, y = 0 . (28)
For each f(T,B) cosmological case we will present the stability results, where we only consider the eigenvalues of the
stability matrix M for each of the critical points and for the perturbations that are compatible with (12).
55. DYNAMICAL ANALYSES FOR f(T,B) MODELS
In this work we consider three f(T,B) scenarios. They were selected in order to obtain cosmological viable cases,
in particular the late cosmic acceleration observed. The following models were studied in detail in Ref.[55], where
cosmological constraints of each of them were found. In the following, we will focus on the corresponding parameter
values which adapt to our autonomous system.
5.1. Stability analysis for General Taylor Expansion model
The form for this model was presented in Ref.[50] as a general Taylor expansion of the f(T,B) Lagrangian, given
by
f(T,B) = f(T0, B0) + fT (T0, B0)(T − T0) + fB(T0, B0)(B −B0) + 1
2!
fTT (T0, B0)(T − T0)2
+
1
2!
fBB(T0, B0)(B −B0)2 + fTB(T0, B0)(T − T0)(B −B0) +O(T 3, B3) , (29)
which gives the general Taylor expansion of the f(T,B) Lagrangian about its Minkowski values for the torsion scalar
T and boundary term B. We notice from here that we need to take into account beyond linear approximations since
B is a boundary term at linear order. Following the form for the FLRW tetrad (2), where locally spacetime appears
to be Minkowski with torsion scalar and boundary term values, we can consider T0 = B0 = 0 . Taking constants called
Ai, the Lagrangian can be rewritten as
f(T,B) ' A0 +A1T +A2T 2 +A3B2 +A4TB , (30)
where the linear boundary term vanishes. We notice from this specific form that the first term can be seen as A0 ≈ Λ,
therefore we are dealing with a cosmic acceleration as a consequence of the f(T,B). Thus, the form for this model
can be written in terms of the dynamical variables as
fT = −(3 + z)x− 2w −A1, (31)
at linear order in torsion and with A0 = 0, i.e we are switching-off the cosmological constant. This can be done since
an explicitly time-dependent factor appears and then a different approach has to be performed. The critical points
for this model are
w = −A1, x = A1 − 1
3±
√
λ
2
, (32)
which imply that the constriction evolution equation in (22) is now Ω = 0. According to these points we can compute
the following eigenvalues for the system
ω1 = −3∓
√
λ
2
, ω2 = −3∓ 2
√
λ
2
,
ω3 = ∓4
√
λ
2
, ω4 = ±2
√
λ
2
. (33)
Considering values as λ 6= 0, we get that Re(ω3) = −Re(ω4) 6= 0, implying that for this system all the critical points
are saddle-like for any value of λ. In Figure 1, we show different views of the phase space of the dynamical system
(31) on 2-d surfaces. The solutions for the case are in agreement with the cosmological constraints found in [55].
According to these results, our critical points behave as Ai < Ai+1 (which states for these values A0 = 0 and A1 = 1),
show a quintessence behaviour and when B dominates and z ≈ 1. After that, a ΛCDM model behaviour is observed.
5.2. Stability analysis for Power Law model
If we consider a Lagrangian of separated power law style models for the torsion and boundary scalars, we can write
a model like [48]
f(T,B) = b0B
k + t0T
m . (34)
6FIG. 1: Different views of the phase space of the dynamical system (31) for λ 6= 0. The system was reduced to a 2-d
surface representing the different perspectives of its constraint. The arrows represent the direction of the velocity field and the
trajectories reveal their stability properties as described for this model.
This is an interesting model since it was already shown in Ref.[60] that for m < 0 the Friedmann equations will be
effected mostly in the accelerating late time universe while for m > 0 this impact will take place for the early universe,
assuming no input from the boundary contribution. By incorporating the boundary term, this analysis will reveal to
effect of B on the combined evolution within f(T,B) cosmology. The form for this model can be written in terms of
the dynamical variables as:
fT = −mw − m
k
(3 + z)x . (35)
7The critical points for this scenario are
w =
k −m
m(1− k) , x = −
k
m
(m− 1
k − 1
) 1
3±
√
λ
2
. (36)
For this case, the constriction (22) gives again Ω = 0.
According to (35), we can analyse independently the positive and negative roots with z = ±
√
λ
2 as follow:
5.2.1. Analysis for the positive branch
Critical points. For this case, the eigenvalues derived from the stability matrix are:
ω1 = −
√
2
√
λ− 3, (37)
ω2 = −2
√
2
√
λ, (38)
ω3 = − 1
4k
(√
α− β + γ + k
(√
2
√
λ(1− 2m)− 6
)
+ 2
(√
2
√
λ+ 6
)
m
)
, (39)
ω4 =
1
4k
(√
α− β + γ + k
(√
2
√
λ(2m− 1) + 6
)
− 2
(√
2
√
λ+ 6
)
m
)
, (40)
where
α = 2k2
(
λ(2m+ 1)2 + 6
√
2
√
λ(6m− 1) + 18
)
, (41)
β = 8km
(
λ+ 6
√
2
√
λ(m+ 1) + 2λm+ 18
)
, (42)
γ = 8
(
λ+ 6
√
2
√
λ+ 18
)
m2, (43)
which under the conditions Re(ω1), Re(ω2) < 0 for any value of λ we get saddle/attractors points.
• Case Re(ω3) = 0. For the condition Re(ω3) = 0 the critical regions are1
1.
k = 1 ∧ 0 < m < 1
2
∧ 0 < λ < 72m2 − 72m+ 18, (44)
2.
0 < m <
1
2
∧ 2m < k ≤ 1 ∧ λ = 18(k − 2m)
2
(−2km+ k + 2m)2 , (45)
• For the condition Re(ω4) = 0 the critical regions are
1.
k = 1 ∧
[(
0 < m <
1
2
∧ λ > 72m2 − 72m+ 18
)
∨
(
m ≥ 1
2
∧ λ > 0
)]
, (46)
2.
0 < m <
1
2
∧ 2m < k ≤ 1 ∧ λ = 18(k − 2m)
2
(−2km+ k + 2m)2 , (47)
• Attractor regions. These cases can happen under the following conditions:
1.
0 < m ≤ 1
2
∧ 0 < k < 1 ∧ λ > 18, (48)
2.
m >
1
2
∧ 0 < k < 1 ∧ λ > 0, (49)
1 From this point, along the text we refer to the symbol ∨ as or, ∧ as and.
8Properties:
• If m > k then, w < −1/3 (b0 and c0 fixed as positive).
• If m < k then, we get ΛCDM. (b0 and c0 fixed as positive).
• If b0 < t0 and viceversa, we get a crossover over the phantom divided-line (w = −1).
• We recover ΛCDM and late cosmic acceleration.
5.2.2. Analysis for the negative branch
Critical points. For this case, the eigenvalues derived from the stability matrix are:
ω1 =
√
2
√
λ− 3, (50)
ω2 = 2
√
2
√
λ, (51)
ω3 =
1
4k
(
−
√
γk2
4m2
+ η
)
+ ζ, (52)
ω4 =
1
4k
(√
γk2
4m2
+ η
)
+ ζ. (53)
with
ζ =
1
4k
(
k
(√
2
√
λ(1− 2m) + 6
)
+ 2
(√
2
√
λ− 6
)
m
)
, (54)
η = 8m2
(
λ(k − 1)2 + 6
√
2
√
λ(k − 1) + 18
)
− 8mk
(
3
√
2
√
λ(3k − 2)− kλ+ λ+ 18
)
. (55)
Notice that according to the values of ω1 and ω2, the critical point associated to the negative root case corresponds to a
scenario where the universe has a contraction (accelerated) phase λ < 2(λ > 2), respectively, which represent a saddle
point. On the other hand, according to the value of ω1, we notice that if 0 < λ <
9
2 , the critical point is hyperbolic
and saddle-type. To simplify the analysed regions, we consider cases where ω1, or ω2, only have a non-vanishing real
part. The next case to explore will be with a vanished real part. (which correspond to a non-hyperbolic case)
• Conditions with Re(ω3) = 0. These regions are
A:
0 < m < 1 ∧ ((0 < k < 1 ∧ λ = 18) ∨ (k = 1 ∧ λ > 72m2 − 72m+ 18) ∨ (k > 1 ∧ λ = 18)) , (56)
B:
k = 1 ∧
[(
m ≥ 1 ∧ λ ≥ 72m2 − 72m+ 18) ∨ (3
4
< m < 1 ∧ λ = 72m2 − 72m+ 18
)]
, (57)
C:
0 < k < 1 ∧
(
m ≥ 1 ∧ λ = 18(k − 2m)
2
(−2km+ k + 2m)2
)
, (58)
D:
1 < k < 2 ∧
(
3k
2k + 2
< m ≤ 1 ∧ λ = 18(k − 2m)
2
(−2km+ k + 2m)2
)
, (59)
E:
k = 2 ∧m = 1 ∧ 9
2
< λ ≤ 18, (60)
9F:
k > 2 ∧ 1 ≤ m < 3k
2k + 2
∧ λ = 18(k − 2m)
2
(−2km+ k + 2m)2 , (61)
G:
k < 0 ∧
[
(m > 1 ∧ λ = 18) ∨
(
1 ≤ m ≤ 3
2
∧ λ = 18(k − 2m)
2
(−2km+ k + 2m)2
)]
, (62)
H:
m >
3
2
∧ − 2m
2m− 3 < k < 0 ∧ λ =
18(k − 2m)2
(−2km+ k + 2m)2 , (63)
• Condition Re(ω4) = 0. These regions are:
A:
k = 1 ∧ 3
4
< m ≤ 1 ∧ 9
2
< λ ≤ 72m2 − 72m+ 18, (64)
B: [
m ≥ 1 ∧ 0 < k < 1 ∧
(
λ = 18 ∨ λ = 18(k − 2m)
2
(−2km+ k + 2m)2
)]
∨
(
m > 1 ∧ k = 1 ∧ 9
2
< λ < 72m2 − 72m+ 18
)
∨ (k > 1 ∧ λ = 18), (65)
C:
1 < k < 2 ∧
[(
3k
2k + 2
< m < 1 ∧ λ = 18(k − 2m)
2
(−2km+ k + 2m)2
)
∨ (m = 1 ∧ λ = 18)
]
, (66)
D:
k = 2 ∧m = 1 ∧ 9
2
< λ ≤ 18, (67)
E:
k > 2 ∧
(
1 ≤ m < 3k
2k + 2
∧ λ = 18(k − 2m)
2
(−2km+ k + 2m)2
)
, (68)
F:
k < 0 ∧
[
(0 < m < 1 ∧ λ = 18) ∨
(
1 ≤ m ≤ 3
2
∧ λ = 18(k − 2m)
2
(−2km+ k + 2m)2
)]
, (69)
G:
m >
3
2
∧ − 2m
2m− 3 < k < 0 ∧ λ =
18(k − 2m)2
(−2km+ k + 2m)2 . (70)
• Saddle regions. These regions are determine by the condition Re(ω3), Re(ω4) > 0, therefore
A:
0 < m <
1
2
∧
[
(0 < k < 1 ∧ λ > 18) ∨
(
k > 1 ∧ 9
2
< λ < 18
)]
, (71)
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B:
m =
1
2
∧
[
(0 < k < 1 ∧ λ > 18) ∨
(
k > 1 ∧ 9
2
< λ < 18
)]
, (72)
C:
1
2
< m < 1 ∧ 0 < k < 1 ∧ λ > 18, (73)
D:
m ≥ 1 ∧
[(
0 < k <
2m
1 + 2m
∧ λ > 18
)
∨
(
k >
2m
1 + 2m
∧ λ > 18
)]
, (74)
E:
1 < m <
3
2
∧ k > − 2m
2m− 3 ∧
9
2
< λ <
18(k − 2m)2
(−2km+ k + 2m)2 , (75)
F:
k < 0 ∧
[(
0 < m < 1 ∧ 9
2
< λ < 18
)
∧
(
m > 1 ∧ 9
2
< λ <
18(k − 2m)2
(k + 2m− 2km)2
)]
. (76)
In Figure 2 we show the dynamical phase space for this model.
5.3. Stability analysis for Mixed Power Law Model
In order to reproduce several important power law scale factors relevant for several cosmological epochs, in [48] was
presented a form of f(T,B) given by
f(T,B) = f0B
kTm , (77)
where the second and fourth order contributions will now be mixed, and f0, k,m are arbitrary constants. We can
recover GR limit when the index powers vanish, i.e. when k = 0 = m. For this case, the model can be written in
terms of the dynamical variables through
fT = −mw . (78)
In comparison to the latter f(T,B) scenarios, this case has the following particularity:
x = fB = kf0B
k−1Tm =
k
B
f =
k
6(3H2 + H˙)
f =
f
6H2
k
3 + H˙H2
= − wk
3 + z
, (79)
from where we can notice that x is not an independent variable of the dynamical system. In the same way, when
y = x′ we obtain directly that y = y(w, z). With these conditions, the autonomous system for this case can be reduced
to a 2-d dynamical phase space
z′ = λ− 2z2, w′ = w
[
6z(k +m− 1) + λk + 2z2(m− 1)
3 + z
]
. (80)
The critical point of the latter system are
z = ±
√
λ
2
, and w = 0. (81)
Under these values, the constriction of the system is given by Ω = 1. Again, we can consider the two roots as follow:
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FIG. 2: Different views of the phase space of the dynamical system (35) for λ 6= 0. The system was reduced to a 2-d surface
representing the different perspectives of its constraint with x = − k
m
(
m−1
k−1
)
1
3+z
. The arrows represent the direction of the
velocity field and the trajectories reveal their stability properties as described for this model.
5.3.1. Critical points
1. Positive branch. This case are determinate by the condition m > 0, with eigenvalues
ω1 = −2
√
2
√
λ, (82)
ω2 = (k +m− 1)
6
√
λ
2 + λ
3 +
√
λ
2
. (83)
If λ > 0, we obtain that the eigenvalues are real for any value of λ, m and k. On the other hand, ω2 = 0 if
k = 1−m, which represent a non-hyperbolic point. We obtain an attractor point if k < 1−m, and saddle-like
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otherwise.
2. Negative branch. The eigenvalues for this case are
ω1 = 2
√
2
√
λ, (84)
ω2 = (k +m− 1)
−6
√
λ
2 + λ
3−
√
λ
2
. (85)
Again, both values are real. The critical point is repulsor-like if k < 1 −m and λ > 0 ∧ λ 6= 18. We obtain a
saddle point if k > 1−m and λ > 0 ∧ λ 6= 18. For m > k or m < k we get a phantom-like EoS (w < −1).
4 2 0 2 4
z
4
2
0
2
4
w
= 8, m=2, k = 2
4 2 0 2 4
z
4
2
0
2
4
w
= 8, m=2, k = 2
4 2 0 2 4
z
4
2
0
2
4
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FIG. 3: Different views of the phase space of the dynamical system (78). The system was reduced to a 2-d surface representing
different perspectives. The arrows represent the direction of the velocity field and the trajectories reveal their stability properties
as described for this model.
6. DISCUSSION
Dynamical systems can reveal a lot of information about the cosmology of theories beyond GR, which may be
difficult to study at background or using direct cosmological perturbation theory. In this work, we analysed dynamical
systems within the f(T,B) gravity context which was first studied in Ref.[49] in a context of scalar fields to study
the implications on inflation solutions. TG offers an avenue to constructing theories which exhibit torsion rather than
curvature by exchanging the Levi-Civita connection with its teleparallel connection analog. This produces a wide
range of potential cosmological models since TG is naturally lower order and so produces novel manifestations of
gravity in addition to those in constructed through extensions to GR [20–22].
f(T,B) gravity is an interesting context within which to study dynamical systems since it is one of the rare high order
theories with TG that occurs naturally. Indeed, in Sec. 3 we outline our strategy in terms of which dynamical variables
will produce a suitable dynamical analysis of cosmological systems. f(T,B) gravity acts as a TG generalisation of
f(
◦
R) gravity in that the second and fourth order contributions are decoupled from one another through the torsion
scalar T and boundary term B with coincidence only for cases where f(T,B) = f(−T + B) = f( ◦R). The effect of
this point also plays out in the dynamical systems analysis where we also must take the dynamical variable defined
λ in Eq.(20) which is directly analogous to the approach taken in [59]. Indeed, the analysis where this parameter
was probed against possible constant values was studied in [61]. A feature we explore in this work through the
methodology outlined in Sec. 4.
The core results of the work are presented in section 5 where the models (that are cosmological viable at background
level) are analysed. We start by probing the general Taylor expansion model in Eq.(29) where the arbitrary function
is expanded about the Minkowski values of the scalar arguments up to quadratic order (due to the linear form of B
being a boundary term). Here we find the critical points in Eq.(32) with system eigenvalues in Eq.(33). We find that
for any nonvanishing constant value of λ, all the critical values are all saddle points. An interesting feature of this
investigation is that the constraints found are consistent with Ref.[55] showing consistency in its confrontation with
observations. The evolution for the various parameter combination is shown in Fig.(1).
Afterward, we then study the power law model in section 5.2 which considers a power law form for both scalar
contributors. In this case, the determining factor is the z variable which depends only on derivatives of the Hubble
parameter as defined in Eq.(21). In this scenario, we find either attractors or saddle points for the positive branch
and repellent or saddle points for the negative branch which is shown in Fig.(2).
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A similar picture also emerges for the mixed model investigated in Sec.5.3. Here, we again find the same variable
to be the determining factor in the behaviour of the dynamics of the system. On the other hand, the system turns
out to be relatively straightforward to analysis with clear cut results which tally with the general results of the power
law model. These are shown in Fig.(3). The above results can be linked in a more straightforward manner if we
consider directly the form for the Equation of State (EoS). According to the generic EoS reported in [55] and using
our dynamical results, we obtain that for the first two cases (Taylor and Power law model)
ωeff = −1∓ 2
3
√
λ
2
. (86)
Meanwhile, for the Mixed Power Law model2
ωeff
ω → 0−−−−→ −1∓ 2
3
(k +m)
√
λ
2
. (87)
Notice that we recover ΛCDM in the GR limit. In both EoS we recover a ΛCDM model when λ vanishes, this can
happen when we obtain de Sitter solutions as H = constant. Notice that we can rewrite z-variable from (21) using
the definition of the second cosmographic parameter, the deceleration parameter (q = −a¨a/a˙2) as H˙ = −H2(q + 1),
therefore z = −(q + 1). In terms of λ, this latter parameter can be written as q = −1∓
√
λ
2 , which for H = constant
we obtain that q = −1. Also, we can rewrite the ansatz for λ given in (20) in terms of the third cosmographic
parameter, the jerk (
...
a/aH3) as j = H¨H3 − 3q − 2, which again in terms of λ is j = λ ∓ 3
√
λ
2 + 1. Notice that when
λ = 0, we recover the standard value j = 1.
From the results obtained with this proposal, we notice that it will be interesting to study the behaviour of other
f(T,B) gravity models, which together with their confrontation with observational data, may open an avenue for
producing other viable cosmological scenarios. Furthermore, the role of a varying λ is also an important future work
which may better expose the dynamical behaviour of f(T,B) gravity, since from the Taylor and Power Law cases we
will require a non-autonomous system with λ 6= const. Another important higher-order extension to TG is f(T, TG)
which may also have interesting properties. This study will be reported elsewhere.
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